The Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix and flavor-changing neutral currents (FCNC's) in the quark sector are examined in the GUT inspired SO(5) × U (1) × SU (3) gauge-Higgs unification in which the 4D Higgs boson is identified with the Aharonov-Bohm phase in the fifth dimension. Gauge invariant brane interactions play an important role for the flavor mixing in the charged-current weak interactions. The CKM matrix is reproduced except that the up quark mass needs to be larger than the observed one. FCNC's are naturally suppressed as a consequence of the gauge invariance, with a factor of order 10 −6 .
Introduction
The standard model (SM), SU(3) C × SU(2) L × U(1) Y gauge theory, has been firmly established at low energies. Yet it is not clear what the observed Higgs boson is. All of the Higgs couplings to other fields and to itself need to be determined with better accuracy in the coming experiments. The fundamental problem is the lack of a principle which regulates the Higgs interactions.
One possible answer is the gauge-Higgs unification in which the Higgs boson is identified with the zero mode of the fifth dimensional component of the gauge potential. [1] - [6] It appears as a fluctuation mode of the Aharonov-Bohm (AB) phase θ H in the fifth dimension. As a concrete model, the SU(3) C × SO(5) × U(1) X gauge theory in the RandallSundrum (RS) warped space has been proposed. [7] - [10] It gives nearly the same phenomenology at low energies as the standard model (SM). [10] - [12] Deviations of the gauge couplings of quarks and leptons from the SM values are less than 10 (5), which will be referred to as the A-model below. Those Z ′ bosons have broad widths and can be produced at 14 TeV LHC. The current non-observation of Z ′ signals puts the limit θ H 0.11. Recently an alternative model with quark-lepton multiplets introduced in the spinor, vector, and singlet representations of SO(5) (referred to as the B-model below) has been proposed, [13] which can be incorporated in the SO (11) gauge-Higgs grand unification. [14] Other variants of the fermion content have also been
proposed. [15] Implications of gauge-Higgs unification to precision electroweak observables have been investigated. It has been shown that the typical models are consistent with the current measurements.
Distinct signals of the gauge-Higgs unification can be found in e + e − collisions. [16] - [19] Large parity violation appears in the couplings of quarks and leptons to KK gauge bosons, particularly to the Z ′ bosons. In the A-model right-handed quarks and charged leptons have rather large couplings to Z ′ . The interference effects of Z ′ bosons can be clearly observed at 250 GeV e + e − international linear collider (ILC). In the process e + e − → µ + µ − the deviation from the SM amounts to −4% with the electron beam polarized in the right-handed mode by 80% (P e − = 0.8) for θ H ∼ 0.09, whereas there appears negligible deviation with the electron beam polarized in the left-handed mode by 80% (P e − = −0.8).
In the forward-backward asymmetry A F B (µ + µ − ) the deviation from the SM becomes −2% for P e − = 0.8. These deviations can be seen at 250 GeV ILC even with 250 fb −1 data. [20, 21] In the B-model the pattern of the polarization dependence is reversed.
So far quarks and leptons in the gauge-Higgs unification models have been incorporated generation by generation so that the flavor mixing among quarks and leptons is left unexplained. In this paper we tackle the flavor mixing in the quark sector. [22, 23] We We stress that the natural suppression of FCNC in the gauge-Higgs unification results from the gauge-invariance and the orbifold structure, without relying on additional symmetry or mechanism. We present rigorous treatment of deriving and evaluating the CKM matrix and Z couplings in the quark sector in the gauge-Higgs unification. We also give simple explanation in the effective theory of quarks and relevant heavy fields to illuminate the mechanism of suppressing FCNC interactions.
In section 2 the minimal GUT inspired SU(3) C × SO(5) × U(1) X model of gaugeHiggs unification is described with brane interactions. In section 3 mass spectra and wave functions of gauge bosons and quarks are derived. Detailed derivation of the mass spectrum and mixing in the down-type quark sector is given. In section 4 an effective theory in 4D is formulated for quarks and SO(5) singlet heavy fermion fields. We show how mass terms connecting down quarks and singlet fields lead to flavor mixing. It also illuminates how FCNC interactions are naturally suppressed. In section 5 we evaluate W and Z couplings of quarks, using the wave functions obtained in section 3. The gauge couplings turn out very close to those in the SM. It is confirmed that FCNC interactions are naturally suppressed. Section 6 is devoted to summary and discussions.
Basis functions used in the text are summarized in the appendix.
Model
The GUT inspired SU(3) C × SO(5) × U(1) X (≡ G) gauge-Higgs unification has been introduced in ref. [13] . It is defined in the Randall-Sundrum (RS) warped space with metric given by
where M, N = 0, 1, 2, 3, 5, µ, ν = 0, 1, 2, 3, y = x 5 , η µν = diag(−1, +1, +1, +1), σ(y) = σ(y + 2L) = σ(−y), and σ(y) = ky for 0 ≤ y ≤ L. In terms of the conformal coordinate
The bulk region 0 < y < L (1 < z < z L ) is anti-de Sitter (AdS) spacetime with a cosmological constant Λ = −6k 2 , which is sandwiched by the UV brane at y = 0 (z = 1) and the IR brane at
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and P Matter fields are introduced both in 5D bulk and on the UV brane. They are listed in Table 1 . Quark multiplets (3, 4) 1 6 and (3, 1)
are introduced in the 5D bulk in three generations. They are denoted as Ψ α (3,4) (x, y) and Ψ 3, 4) and Ψ ±α (3,1) intertwine with each other. These fields obey boundary conditions
With (2.5) the parity of quark fields are summarized in Table 2 with names adopted in the present paper. (3, 1) Table 2 : Parity assignment (P 0 , P 1 ) of quark multiplets in the bulk. In the third column
Brane scalar field Φ (1, 4) is also listed at the bottom for convenience.
The action of each gauge field, A
gauge coupling constants. The bulk part of the action for the quark multiplets are given by is also possible. See ref. [13] .)
The action for the brane scalar field Φ (1,4) (x) is given by
Φ (1, 4) develops a nonvanishing vacuum expectation value (VEV); 11) which reduces the symmetry
There are brane interactions on the UV brane which are invariant under 12) where κ αβ 's are coupling constants. For fermion fields we defineΨ = z −2 Ψ. With nonvanishing VEV Φ (1,4) = 0, (2.12) generates mass terms 1) is possible, which, however, does not yield a mass term as D −β L | y=0 = 0 due to the BC. It will be shown below that the brane interactions (2.12) lead to the flavor mixing, yielding the CKM matrix in the charged current interactions. We stress that the brane interactions (2.12) respect full SU(3) C × SO(5) × U(1) X gauge invariance, which may be contrasted to the earlier attempts [22, 23] to incorporate flavor mixing in higher dimensional theories.
(2.14)
where g A and g B are gauge couplings in SO(5) and U(1) X , respectively. The 5D U(1) Y gauge coupling is given by g
The 4D Higgs boson doublet φ H (x) is the zero mode contained in the A z = (kz)
Without loss of generality we assume φ 1 , φ 2 , φ 3 = 0 and φ 4 = 0, which is related to the Aharonov-Bohm (AB) phase θ H in the fifth dimension by φ 4 = θ H f H where
.
(2.16)
Mass spectrum and wave functions
Manipulations are simplified in the twisted gauge [25, 26] defined by an SO(5) gauge
where T jk 's are SO(5) generators and A M = 2
In the twisted gauge the background field vanishes (θ H = 0) so that all fields satisfy free equations in the RS space in the bulk. Boundary conditions at the UV brane are modified, whereas boundary conditions at the IR brane remain the same as in the original gauge.
Gauge fields
The masses of W and Z bosons at the tree level, m W = kλ W and m Z = kλ Z , are determined by
where functions S(z; λ) and C(z; λ) are given in (A.2). The masses are approximately given by
Let us define
where a, b, c = 1
M are gauge fields of SU(2) L and SU(2) R . For W and Z bosons and photon γ we define
where
Here W µ (x), Z µ (x) and A γ µ (x) represent canonically normalized W , Z, and γ fields, respec-
in the SO (5) , whereas for the third generation |c t | < Table 2 .) In the twisted gauge,
Up-type quarks
The equality of the two expressions for r u is confirmed with the aid of (3.8). Formulas for charm and top quark fields are obtained by substitution u → c, t.
Down-type quarks
Down, strange and bottom quarks are contained in Ψ α (3,4) and Ψ ±α (3, 1) . By the brane interactions (2.12) and (2.13) all three generations mix with each other. In ref. [13] the mass spectrum is determined in each generation separately. Generalization to the case with mixing is straightforward. We consider the case in which both Ψ For the sake of clarity we adopt vector/matrix notation in the generation space.
Fermion fields are expressed in terms of "checked" fields;ψ = z −2 ψ. Write
) the equations of motion in the original gauge are given by
The µ terms on the right side of the equations come from the brane interaction (2.13).
The derivativeD 
where θ(z) is given by (3.1). Note that the mass dimension of each coupling and field is
Boundary conditions at the IR brane (z = z L ) are, in the original gauge,
Fields in the twisted gauge (χ) are related to those in the original gauge (χ) by 15) so that all fields in the twisted gauge obey the same boundary conditions as (3.14).
In the twisted gauge all fields in the bulk (1 < z < z L ) satisfy free equations with vanishing background fieldθ H = 0. General solutions satisfying BC (3.14) are
The tilde˜above each field indicates that it is in the twisted gauge.
are determined such that BC at z = 1 + (y = +ǫ) be satisfied.
To find BC at z = 1 + , first note that in the y coordinate
L are parity odd. We integrate the equations for parity odd fields, (a), (d), (e) and (h) in (3.12), from y = −ǫ to +ǫ to find
For parity even fields we evaluate the equations (b), (c), (f ) and (g) at y = +ǫ, by using (3.19), to findD 
, (2, 1)] etc., one finds for the set of left-handed components that
and so on. With the use of (p 1 ) and (p 3 ), α ′ and b are expressed in terms of α and a, respectively. Then (p 2 ) and (p 4 ) become
All matrices in (3.23) except for µ are diagonal. Eliminating a, one finds that
The mass spectrum m n = kλ n of down-type quarks is obtained by det K(λ n ) = 0 . 
Mass matrix
To simplify expressions, we use the following vector notation for 4D fermion fields in this section.
The masses of up-type quarks are generated solely by the Hosotani mechanism. The effective mass terms in four dimensions are written as
For down-type quarks the effective mass terms are written as
The Hosotani mechanism generates degenerate masses, the M up term in M down , for the
.m Dα is a mass generated by m Dα in (2.9). The matrixμ represents the brane interactions (2.13). Each elemenť µ αβ is proportional to (µ † ) αβ = µ * βα . (Note thatμ has dimension of mass and thatμ is not proportional to µ † as a matrix.)
Mass-eigenstates of up-type quarks are gauge-eigenstates. However mass-eigenstates of down-type quarks are not gauge-eigenstates as a result ofμ. M down can be expressed, in the canonical form, as
Note Ω =Ω forμ = 0. Mass-eigenstates denoted byˆare given by 
where all Ω q ,Ω q etc. are 3-by-3 matrices. The unitarity of Ω implies that
where I 3 is a 3-by-3 unit matrix. Similar relations hold forΩ.
W couplings
The gauge coupling of Ψ α (3,4) (x, z) leads to the W coupling
In the next section we will confirm that g 
At low energies ( √ s ≪ m D j ) theD field may be dropped so that
In other words the CKM matrix is given by
It should be noted that Ω q is not unitary in rigorous sense, as Ω q Ω †
3) and (4.4) lead to
or equivalently
From the relation (q 1 ) and (r 2 ) above one finds
In other words the magnitude of each matrix element of Ω b , denoted as ||Ω b ||, is
, Ω q is nearly unitary. As
as well. Further (q 2 ) and (q 4 ) in (4.11) imply thať
The relation (r 1 ) in (4.12) gives a severe constraint on the mass spectrum. Recall (4.10), which implies that 
Z couplings
For up-type quarks one finds
Recall that D α fields are SO(5) singlet. Z couplings of down-type quarks are given by
In terms of mass-eigenstates in (4.5), Z couplings at low energies are expressed as
In the first term Ω †
a Ω a , and the Ω † a Ω a term gives rise to FCNC. However, with the use of the last two relations in (4.7) and the relation (4.13) one sees
FCNC interactions are naturally suppressed. The FCNC suppression will be confirmed by rigorous treatment in the next section as well.
Evaluation of gauge couplings
In section 3 we have obtained wave functions of gauge bosons and quarks, with which gauge couplings of quarks can be evaluated. Given the parameters µ αβ of the brane interaction (2.13) and the Dirac masses m Dα for the D ± α fields, the bulk mass parameters c Dα are chosen such that the mass spectrum of down-type quarks are reproduced by the condition (3.25) . Then the wave functions of all quarks are unambiguously determined. The parameters µ αβ need be chosen such that the observed CKM mixing matrix is reproduced.
This process, however, is not so trivial.
As inferred in the effective theory formulated in the previous section, consistent solutions are available only when m d < m u . This behavior has been already recognized in the case of no-mixing in ref. [13] . In this section we present the detailed results for the W and Z couplings of quarks with typical µ αβ . It will be seen that a simple form of µ matrix leads to reasonable CKM mixing matrix, though it may not be perfect. Table 3 . one complex phase survives at the CKM matrix level. In the present paper we consider a real matrix µ, which is parametrized as
Here U jk (φ) is a rotation matrix in the jk subspace;
As typical values we setm Table 4 . We note that the masses of the first KK excited states of d, s, b quarks turn out around 0.6 m KK . Table 4 are tabulated in Table 5 . With these coefficients wave functions of left-and right-handed components, f jL (z) and f jR (z), are determined. In Table 6 norm of each component (3.17) for wave functions of down-type quarks for θ H = 0.15 with the parameter set (b) in Table 4 
W couplings
The SO(5) gauge potentials can be expanded as
where T a L and T a R are SU(2) L and SU(2) R generators, respectively. {Tp; p = 1, · · · , 4}
are generators of SO(5)/SO(4). In the spinor representation, for instance,
where σ a 's and I 2 are Pauli matrices and a 2-by-2 unit matrix. W boson is contained, in the twisted gauge, iñ
Here the expression (3.7) has been inserted. W couplings of quarks come solely from the
. 
Here, as in (3.11), we have denoted as
We use the following notation for wave functions of quarks. 4D quark fields are denoted
For up-type quarks 5D fields in the twisted gauge are expanded aš
With the expression in (3.10), for instance,
For down-type quarks 5D fields in the twisted gauge are expanded aš
With the expression in (3.16), one finds, for instance, W couplings of quarks are defined by
Inserting (5.9) and (5.11) into (5.6), one finds
Let us denote the couplings in the matrix form; ( g 
Z couplings
Photon γ and Z boson are contained iñ
Here (3.7) and the relation Q EM = T 3 L + T 3 R + Q X have been used. Photon couplings are given by
Inserting (3.5), (5.9) and (5.11) into (5.18), one finds that
By making use of orthonormality relations, the z integration can be done to lead to
Z couplings are given by
where J µ γ is given in (5.19). Let us denote Z couplings of quarks as
The couplings of up-type quarks are diagonal in flavor, but there appear off-diagonal couplings (FCNC) for down-type quarks. Insertion of (3.5), (5.9) and (5.11) into (5.21) leads to
The Z couplings of down-type quarks are written in the matrix form; ( g
One find for the two sets of parameters in Table 4 Gauge-Higgs unification is a new approach to physics beyond the SM. It may provide a key to solve the problems of dark matter, gauge hierarchy, neutrinos, Higgs couplings, and grand unification as well. [28] - [31] We will come back to these issues in the future.
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A Basis functions
We summarize basis functions in the RS space. We define
where J α (x) and Y α (x) are Bessel functions of the 1st and 2nd kind, respectively. For gauge bosons C = C(z; λ) and S = S(z; λ) are defined by
We note that CS ′ − SC ′ = λz.
For massless fermions we define
These satisfy C L C R −S L S R = 1, C L (z; λ, −c) = C R (z; λ, c), and S L (z; λ, −c) = −S R (z; λ, c).
For massive fermions such as D ± fields with m D = 0 we define basis functions These functions satisfy various relations which are summarized in Appendix B of ref. [13] .
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